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This comprehensive textbook provides an in-depth treatment of the mathematical
foundations underlying modern machine learning. Designed for advanced undergradu-
ate and graduate students, this book bridges the gap between theoretical mathematics
and practical machine learning applications. Each concept is presented with complete
mathematical derivations, geometric interpretations, and real-world applications. The
material covers vector spaces, linear algebra, optimization theory, support vector ma-
chines, and kernel methods with unprecedented detail and pedagogical care. Through
extensive examples, visualizations, and step-by-step explanations, students will develop
both the theoretical understanding and practical intuition needed to excel in machine
learning research and applications.
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Chapter 1

Vector Spaces and Linear Algebra Foun-
dations

Learning Objectives

By the end of this chapter, you will be able to:

e Understand vectors as fundamental building blocks of machine learning with
complete mathematical rigor

e Master vector operations and their geometric interpretations in high-
dimensional spaces

e Comprehend matrices as data representations, transformations, and operators

e Apply linear algebra concepts to real machine learning problems with confi-
dence

e Connect mathematical theory to practical implementations through detailed
examples

e Perform eigen decomposition and singular value decomposition with deep
understanding

e Understand the fundamental subspaces and their applications in data science

1.1 Introduction to Mathematical Foundations

Machine learning is fundamentally built upon mathematical structures that enable us
to represent, manipulate, and understand data. The journey begins with vector spaces,
which provide the mathematical framework for representing data points, features, and
transformations. In this chapter, we will develop these foundations with complete math-
ematical rigor while maintaining clear connections to practical applications.
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1.2 Vectors: The Fundamental Building Blocks

Concept Definition

Vector: A mathematical object that has both magnitude and direction. Formally,
a vector is an element of a vector space that satisfies specific algebraic properties.
In machine learning context, vectors represent:

e Data points in feature space
e Model parameters (weights and biases)

e Directions of maximum variance

Transformations between spaces

Gradients for optimization




1.2. VECTORS: THE FUNDAMENTAL BUILDING BLOCKS

What, Why, How - Complete Breakdown

WHAT are vectors in machine learning?
Vectors are ordered collections of numbers that serve multiple purposes:

e Data Representation: Each feature becomes a dimension in a vector space.
A data point with d features is represented as x = [11, o, ..., 247 € R%

e Parameter Storage: Model weights are stored as vectors w € RY.

e Geometric Interpretation: Enable spatial reasoning about data relation-
ships, distances, and similarities.

e Computational Efficiency: Allow batch operations through linear algebra
operations optimized in modern hardware.

e Functional Representation: In infinite-dimensional spaces, vectors can
represent functions.

WHY are vectors fundamental to machine learning?

e Dimensionality Foundation: Provide the mathematical framework for
working with multi-dimensional data, which is ubiquitous in real-world ap-
plications.

e Geometric Intuition: Enable visualization and understanding of high-
dimensional relationships through projections and distance measures.

e Computational Efficiency: Vectorized operations are highly optimized in
modern computing architectures (GPUs, TPUs).

e Theoretical Basis: Form the foundation for more advanced concepts like
manifolds, embeddings, and functional analysis.

e Algorithm Design: Essential for understanding how algorithms process and
transform data through linear and non-linear operations.

HOW do we work with vectors in practice?

e Representation: v = [v1,0y,...,v4|T where each v; represents a feature
value
e Operations:
— Addition: u+ v = [uy + vy, ug + va, ..., ug + vg]T
— Scalar multiplication: cv = [cvy, cvy, . . ., cvg]T
— Dot product: u-v = 2?21 U V;

— Cross product (in 3D): u x v (for oriented area)

e Properties:

Magnitude: ||v|| = /3¢, v2
— Direction: Unit vector v = II%H

— Orthogonality: u-v = 0 indicates perpendicular vectors

— Linear independence: No vector can be written as linear combination of

R
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Detailed Explanation

Deep Dive: Vector Space Properties and Axioms

A vector space over a field F (typically R or C) is a set V' equipped with two
operations: vector addition and scalar multiplication, satisfying the following eight
axioms:

1. Associativity of addition: u+ (v+w)=(u+v)+w forallu,v,weV
2. Commutativity of addition: u+v=v+uforallu,veV

3. Identity element of addition: There exists an element 0 € V' such that
v+0=viorallveV

4. Inverse elements of addition: For every v € V', there exists —v € V such
that v+ (—v) =0

5. Compatibility of scalar multiplication: a(bv) = (ab)v for all a,b € F
and veV

6. Identity element of scalar multiplication: 1v = v for all v € V', where
1 is the multiplicative identity in F

7. Distributivity of scalar multiplication: a(u+v) =au+av foralla € F
and u,v eV

8. Distributivity of scalar addition: (a + b)v = av + bv for all a,b € F and
veV

These properties ensure that vector operations behave consistently and predictably,
which is crucial for developing reliable machine learning algorithms. The vector
space structure allows us to:

Linearly combine vectors to create new vectors in the space

Define basis sets that span the entire space

Measure distances and angles between vectors

Project vectors onto subspaces

e Transform vectors using linear operators

Geometric Interpretation in Machine Learning:
In a 2D feature space, each data point can be visualized as a vector from the origin.
This geometric view helps understand:

e Similarity: Small angles between vectors indicate similar data points. The

cosine similarity metric directly uses this: cosine() = m

e Clustering: Groups of vectors pointing in similar directions indicate natural

clusters in the data.

e Classification: Separating hyperplanes between vector groups define deci-
sion boundaries.

e Dimensionality reduction: Projecting vectors onto lower-dimensional sub-
spaces while preserving important geometric relationships.




1.3. VECTOR OPERATIONS: DOT PRODUCT AND NORMS

1.3 Vector Operations: Dot Product and Norms

Concept Definition

Dot Product (Inner Product): A binary operation that takes two vectors and
returns a scalar. Mathematically defined asa-b = >""  a;b; = ||a||||b|| cos §, where
0 is the angle between the vectors.

Vector Norm: A function that assigns a strictly positive length or size to each
vector in a vector space, with the exception of the zero vector which is assigned a
length of zero. Formally, a norm || - || : V — R satisfies: positivity, definiteness,
absolute homogeneity, and triangle inequality.
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What, Why, How - Complete Breakdown

WHAT is the dot product and why is it crucial?
The dot product measures the alignment between two vectors:

e Projection: How much one vector extends in the direction of another:
projy (a) = (5 b

e Similarity: Degree to which vectors point in the same direction, basis for
cosine similarity

e Orthogonality Detection: Zero dot product indicates perpendicular vec-
tors

e Angle Calculation: 6 = cos™ <_”a‘ﬁ'|T’b”>

e Work Calculation: In physics, represents work done by a force along a
displacement

WHY is the dot product fundamental in machine learning?

e Similarity Measurement: Forms basis for cosine similarity, a fundamental
concept in NLP and recommendation systems

e Projection Operations: Essential for dimensionality reduction techniques
like PCA

e Kernel Methods: Dot products enable the kernel trick in SVM and kernel
PCA

e Neural Networks: Basic operation in fully connected layers: z = wlx + b
e Optimization: Appears in gradient calculations and constraint formulations

e Geometry Preservation: Inner products define the geometric structure of
vector spaces

HOW do we compute and interpret dot products?

e Algebraic Computation: a-b=73"" a;b;

Geometric Interpretation: a-b = ||al|||b|| cos @

Properties:

— Commutative: a-b=b-a
— Distributive: a- (b+c)=a-b+a-c
— Bilinear: Linear in both arguments

— Positive definite: a-a > 0 and equals 0 only if a =0

Special Cases:

— Parallel vectors: a-b = ||a||||b]| (maximum, 6 = 0)
— Orthogonal vectors: a-b =0 (§ = 7/2)

— Opposite directions: a-b = —||a||||b]| (minimum, 6 = 7)




1.3. VECTOR OPERATIONS: DOT PRODUCT AND NORMS

Mathematical Breakdown

Complete Treatment of Vector Norms
Euclidean Norm (L2 Norm):

[vlle =

n
Zv? =V Vv
=i

Axiomatic Definition of Norms: A function || - | : V — R is a norm if it
satisfies:

1. Non-negativity: ||v|| >0 for all v e V

2. Definiteness: ||v|| =0 if and only if v =0

3. Absolute homogeneity: ||cv|| = |c|||v] for any scalar ¢

4. Triangle Inequality: ||[u+ v|| < |u| +|v| for all u,v € V

Other Important Norms:
Manhattan Norm (L1 Norm):

n
IVl =) i
i=1

Used in Lasso regularization for feature selection. Promotes sparsity in solutions.
Maximum Norm (Loo Norm):

[V]loo = max(fo ], val, ... vn])

Useful in optimization and constraint satisfaction problems. Measures the worst-
case deviation.
General Lp Norm:

o 1/p
vl = (Z Ivi|p> for p>1
i=1

Provides a family of distance measures with different geometric properties.
Matrix Norms: For matrices, we have additional norms:

e Frobenius norm: ||Al|r = \/ZZL > i lai|? (treat matrix as vector)

e Spectral norm: ||Al|; = max|x|,=1 ||Ax||, (largest singular value)

e Nuclear norm: ||A||, = >/, 0; (sum of singular values)

Unit Vectors and Normalization:

A%

V=—
vl

Unit vectors have length 1 and represent pure direction without magnitude. Nor-
malization is crucial when comparing vectors of different magnitudes.
Cauchy-Schwarz Inequality: For any vectors u, v in an inner product space:

w-v| < fluflfv]
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1.4 Matrices: Linear Transformations and Data Or-
ganization

Concept Definition

Matrix: A rectangular array of numbers arranged in rows and columns. Formally,
a matrix A € R™*" is a function from a set of row indices {1,...,m} and column
indices {1,...,n} to real numbers.

Linear Transformation: A function 7" : R™ — R™ that preserves vector addition
and scalar multiplication: T'(u+ v) = T(u) + T(v) and T'(¢cv) = ¢I'(v). Every
linear transformation between finite-dimensional vector spaces can be represented
by matrix multiplication.




1.4. MATRICES: LINEAR TRANSFORMATIONS AND DATA ORGANIZATION 9

What, Why, How - Complete Breakdown

WHAT do matrices represent in machine learning?
Matrices serve multiple crucial roles:

e Data Matrices: Rows represent samples, columns represent features: X €
Rnxd

e Transformation Matrices: Linear transformations between vector spaces:
A e R

e Weight Matrices: Parameters in neural networks and linear models: W €
Rdout ><din

e Covariance Matrices: Relationships between features: ¥ € R4*¢
e Kernel Matrices: Similarity measures between data points: K € R™*"
e Graph Adjacency Matrices: Represent connections in networks

WHY are matrices essential for machine learning?

e Computational Efficiency: Matrix operations are highly optimized in
hardware (BLAS, LAPACK, GPU acceleration)

e Batch Processing: Enable simultaneous computation on entire datasets

e Theoretical Foundation: Provide framework for understanding linear mod-
els and transformations

e Dimensionality Reduction: Matrix decompositions (SVD, Eigen) enable
feature reduction

e Neural Networks: Fundamental building blocks of deep learning architec-
tures

e Statistical Modeling: Covariance matrices capture feature relationships
HOW are matrices used in practice?

e Matrix Multiplication: Composing linear transformations: ABx = A(Bx)

e Matrix Inversion: Solving linear systems (normal equations): w =
(XTX)"'XTy

Eigen Decomposition: Finding principal components (PCA): A = QAQ™!

Singular Value Decomposition: Low-rank approximations: A = UXV7?

Matrix Factorization: Recommendation systems (collaborative filtering):
R=UVT

Matrix Calculus: Gradient computations for optimization
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Detailed Explanation

Deep Dive: Matrix Operations and Their Interpretations
Matrix Multiplication as Transformation Composition:
When we multiply matrices AB, we're composing linear transformations:

Tap(x) = Ta(Tr(x))

This is fundamental in neural networks where multiple layers apply successive trans-
formations:

W) — (WORO 4 b®)

where W are weight matrices and o is a non-linear activation function.
Data Matrix Structure:
A typical dataset matrix X € R™*%:

T

11 Ti12 - Tid X1

T

To1 Toz -+ Tod X5
x=\" "7 =7 =k & - f]

T

Tpl Tp2 *°° Tnd X

e Rows: Individual data points (samples) x;
e Columns: Features or attributes f;
e Element z;;: Value of feature j for sample ¢

Covariance Matrix:
The covariance matrix ¥ = ﬁX X (for centered data) captures feature relation-
ships:

e Diagonal elements: Variances of individual features: ¥;; = Var(f;)

o Off-diagonal elements: Covariances between feature pairs: ¥;; = Cov(f;, f;)
e Properties: Symmetric (X7 = X), positive semi-definite (v v > 0)

e Used in: PCA, Gaussian distributions, multivariate analysis

Matrix Rank and Dimensionality:
The rank of a matrix indicates:

e Number of linearly independent rows/columns

e Intrinsic dimensionality of the data

Capacity for the matrix to represent complex relationships

For data matrix X: rank < min(n,d)

Full rank: All rows/columns are linearly independent
e Low rank: Data lies in a lower-dimensional subspace

Special Matrices in Machine Learning:

e Symmetric Matrices: A = AT, common in covariance matrices, have real
eigenvalues and orthogonal eigenvectors

P o YR TN 1 NAt oo AT AOAINDT T i i a1 i o 1
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1.5 Eigen Decomposition and Spectral Theorem

Concept Definition

Eigen decomposition: The factorization of a square matrix into a canonical form,
whereby the matrix is represented in terms of its eigenvalues and eigenvectors. For
a diagonalizable square matrix A € R™", it is given by A = QAQ !, where Q is a
matrix whose columns are the eigenvectors of A, and A is a diagonal matrix whose
entries are the corresponding eigenvalues.

Spectral Theorem: A fundamental theorem stating that any real symmetric
matrix can be diagonalized by an orthogonal matrix of its eigenvectors. Formally,
for a real symmetric matrix A, A = QAQ7T, where () is an orthogonal matrix

QF=Q™).

What, Why, How - Complete Breakdown

WHAT are eigenvectors and eigenvalues?

- *Eigenvector (v):** A non-zero vector that, when multiplied by the matrix
A, only gets scaled (its direction doesn’t change). Av = Av. - **Eigenvalue
(A):** The scalar factor by which the eigenvector is stretched or shrunk. - **Eigen
Decomposition:** The process of breaking down a matrix into these fundamental
”directions of action” and their associated ”strengths.”

WHY is eigen decomposition fundamental to machine learning?

- **Dimensionality Reduction (PCA):** Principal Component Analysis is essen-
tially the eigen decomposition of the covariance matrix. The eigenvectors (princi-
pal components) are the directions of maximum variance. - **Model Stability and
Dynamics:** In algorithms like Google’s PageRank, eigenvectors determine the im-
portance of nodes. Eigenvalues determine the convergence rate of iterative meth-
ods. - **Quantum Machine Learning:** Many quantum ML algorithms are based
on linear algebra operations, including finding eigenvalues. - **Understanding Lin-
ear Transformations:** It reveals the intrinsic, coordinate-independent properties
of a linear transformation. - **Matrix Functions:** Enables computation of ma-
trix exponentials, logarithms, and other functions important in deep learning and
differential equations.

HOW do we compute and use eigen decomposition?

1. **Solve the Characteristic Equation:** Find the eigenvalues A by solving det(A—
AI) = 0. 2. **Find Eigenvectors:** For each eigenvalue \, solve the equation
(A—AI)v = 0 to find the corresponding eigenvector v. 3. **Construct Matrices:**
Form () with eigenvectors as columns and A with eigenvalues on the diagonal.
4. **Apply in ML:** - In PCA, we decompose the covariance matrix ¥ to find
the principal components. - To understand the dynamics of a system, we analyze
the spectrum (set of eigenvalues) of its transition matrix. - For matrix inversion:

A7l = QA7'Q~! - For matrix powers: AF = QAFQ~!
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Detailed Explanation

Deep Dive: Geometric and Algebraic Interpretation

Consider a linear transformation represented by matrix A. Most vectors will be
rotated and stretched when multiplied by A. **Eigenvectors are the special vectors
that are only stretched**, not rotated. The eigenvalue tells you the factor of that
stretch.

* FEigenvalue j 1:** The eigenvector’s direction is stretched. * **0 | Eigenvalue |
1:** The eigenvector’s direction is compressed. * **Eigenvalue = 1:** The eigen-
vector is unchanged. * **Eigenvalue j 0:** The eigenvector’s direction is reversed.
The Spectral Theorem for Symmetric Matrices: This is a powerhouse in ML.
Why is it so special? 1. **Real Eigenvalues:** All eigenvalues of a real symmetric
matrix are guaranteed to be real numbers. This is crucial for interpretability (e.g.,
variance in PCA cannot be a complex number). 2. **Orthogonal Eigenvectors:**
Eigenvectors corresponding to distinct eigenvalues are orthogonal. This means the
transformation acts by stretching space along perpendicular axes. This is why PCA
finds orthogonal components. 3. **Orthogonal Diagonalization:** A = QAQ”.
The inverse is simply the transpose, making computations stable and efficient. 4.
**Positive Definiteness:** A symmetric matrix is positive definite if and only if
all its eigenvalues are positive. This characterizes covariance matrices and kernel
matrices.

Algebraic and Geometric Multiplicity: - **Algebraic multiplicity:** The num-
ber of times an eigenvalue appears as a root of the characteristic polynomial. -
**Geometric multiplicity:** The dimension of the eigenspace corresponding to an
eigenvalue (number of linearly independent eigenvectors). - For diagonalizable ma-
trices: algebraic multiplicity = geometric multiplicity for all eigenvalues.
Connection to Singular Value Decomposition (SVD): While eigen decom-
position is defined only for square matrices, SVD is a more general factorization
that works for any m x n matrix. For a symmetric matrix A, the SVD and eigen
decomposition are essentially identical. SVD is arguably the *most important*
matrix decomposition in data science, as it directly applies to the data matrix X
itself, not just to the square covariance matrix X7 X.

Applications in Machine Learning:

e Principal Component Analysis (PCA): Eigen decomposition of covari-
ance matrix to find directions of maximum variance.

e PageRank: Finding the stationary distribution of the web graph as the
principal eigenvector.

e Graph Laplacian: Spectral clustering uses eigenvectors of the graph Lapla-
cian.

e Matrix Completion: Nuclear norm minimization uses eigenvalues.

e Differential Equations: Solving systems of linear differential equations that
appear in continuous-time models.
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Spectral Theorem for Real Symmetric Matrices Let A be a real symmetric
n X n matrix. Then:

1. All eigenvalues of A are real numbers.
2. There exists an orthonormal basis of R™ consisting of eigenvectors of A.

3. A can be diagonalized as A = QAQ”, where ) is an orthogonal matrix and
A is a diagonal matrix of real eigenvalues.

Proof Sketch:

1. Let A be an eigenvalue with eigenvector v. Then Av = Av. Taking complex
conjugates and using A = AT real, we get A = \, so \ is real.

2. For distinct eigenvalues \; # )\;, their eigenvectors satisfy v v; = 0 by or-
thogonality.

3. Using Gram-Schmidt orthogonalization, we can construct an orthonormal ba-
sis from the eigenvectors.

4. The diagonalization follows from the definition of eigenvalues and eigenvec-
tors.

1.6 Singular Value Decomposition (SVD)

Concept Definition

Singular Value Decomposition (SVD): A factorization of any real or complex
m x n matrix X into three matrices: X = UXVT. - U is an m x m orthogonal
matrix whose columns are the **left-singular vectors™* of X. - Y is an m x n
rectangular diagonal matrix with non-negative real numbers on the diagonal, the
*ksingular values™™ (o;). - V' is an n x n orthogonal matrix whose columns are the
**right-singular vectors** of X.
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What, Why, How - Complete Breakdown

WHAT does SVD do? SVD breaks down any matrix into rank-1 components. It
says that the linear transformation represented by X can be decomposed into three
simple, interpretable operations: 1. A rotation/reflection in the domain (V7). 2.
A scaling along the coordinate axes (X). 3. A rotation/reflection in the codomain
(U).

WHY is SVD the Swiss Army Knife of Data Science? - **Low-Rank
Approximations:** By keeping only the top k singular values/vectors, we get the
*best* rank-k approximation of the original matrix (Eckart-Young theorem). This
is the foundation of image compression, recommendation systems (collaborative fil-
tering), and denoising. - **Pseudoinverse:** SVD provides a stable way to compute
the Moore-Penrose pseudoinverse, Xt = VX +UT, which is used to solve linear least
squares problems, even for non-invertible or rectangular matrices. - **Matrix Foun-
dation for PCA:** Performing PCA on a data matrix X (centered) is equivalent to
taking the SVD of X. The right-singular vectors V' are the principal components,
and the singular values o; are related to the eigenvalues of the covariance matrix
(A\i = 0?/(n—1)). - **Numerical Stability:** SVD is computed using highly stable
and efficient algorithms, making it the preferred method for many linear algebra
operations in practice. - **Fundamental Subspaces:** SVD provides orthonormal
bases for all four fundamental subspaces of a matrix.

HOW is SVD computed and applied? 1. **Computation:** In practice, you
use library functions (e.g., ‘numpy.linalg.svd‘, ‘scipy.linalg.svd‘). The underlying
algorithms (e.g., Golub-Kahan) are iterative and highly optimized. 2. **Dimen-
sionality Reduction (Truncated SVD):** For a data matrix X, we compute its SVD
and then form Xj, = U, X, V,Z, where we only keep the first k columns of U and V/,
and the first k£ singular values of ¥. X} is a compressed, lower-dimensional repre-
sentation of the original data. 3. **Collaborative Filtering:** In recommendation
systems, the user-item rating matrix is approximated using a low-rank SVD, which
uncovers latent factors (e.g., movie genres, user preferences). 4. **Image Com-
pression:** By keeping only the largest singular values, we can approximate images
with much less storage.
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Mathematical Breakdown

The SVD and its Relation to Eigen Decomposition

The SVD of X is intrinsically linked to the eigen decomposition of X7X and
XXT: - The **right-singular vectors** V are the eigenvectors of X7X. - The
**left-singular vectors®* U are the eigenvectors of X X7 - The **singular values**
o; are the square roots of the eigenvalues ();) of both XTX and X X7 o; = /.
Low-Rank Approximation Theorem (Eckart-Young-Mirsky): For a given
matrix X with SVD X = UXSVT = Y7 o,u;v], the best rank-k approximation
Xy, (in terms of both the Frobenius and spectral norms) is given by:

k
Xk: E O'iuZ'VlT
=1

where u; and v; are the i-th columns of U and V, respectively. The approximation
error is:

;
Z o7, X = Xill2 = okt
i=k+1

| X — XillF =

where r is the rank of X.

The Four Fundamental Subspaces: SVD provides orthonormal bases for
the four fundamental subspaces of a matrix X € R™*™: - **Column Space
(Range):** Spanned by the columns of U corresponding to non-zero singular values:
{uy,...,u,}. - ®Null Space (Kernel):** Spanned by the columns of V' correspond-
of V' corresponding to non-zero singular values: {vy,...,v,}. - **Left Null Space:**
Spanned by the columns of U corresponding to zero singular values: {u,41,...,u;,}.
This makes SVD a complete geometric description of the linear transformation.
Moore-Penrose Pseudoinverse: The pseudoinverse of X is given by:

Xt =vxtuT

where X7 is obtained by taking the reciprocal of non-zero singular values and
transposing. This provides the least-squares solution to Xw =y as w = XTy.
Computational Complexity: - Full SVD: O(min(mn? m?n)) - Truncated SVD
(first k singular values): O(mnk) using randomized algorithms - Memory: O(mn)
for full, O((m + n)k) for truncated
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1.

Detailed Explanation

7 Applications in Machine Learning

Practical Applications of Linear Algebra in ML

Principal Component Analysis (PCA): PCA finds the directions of maximum
variance in data. Given centered data matrix X, we: 1. Compute covariance
matrix: ¥ = = X7X 2. Perform eigen decomposition: ¥ = VAVT 3. Principal
components are columns of V' (eigenvectors) 4. Project data: Z = XV} (where Vj
contains first k eigenvectors)

Linear Regression: The normal equations for linear regression:

w=(XTX)'XTy
Using SVD X = UXV7T, the solution becomes:
w=Vy1UTy

This is more numerically stable than directly inverting X7 X.
Recommendation Systems: Matrix factorization models approximate user-item
matrix R as:

R~UVT

where U contains user embeddings and V' contains item embeddings. This is es-
sentially a low-rank approximation problem.
Word Embeddings: Methods like Word2Vec and GloVe learn vector representa-
tions of words. The resulting embeddings capture semantic relationships through
vector arithmetic:

king — man + woman ~ queen

Neural Networks: The forward pass in a neural network layer:
h=o0(Wx+b)

where W is a weight matrix, b is a bias vector, and ¢ is a non-linear activation
function. Backpropagation uses matrix calculus to compute gradients.
Convolutional Neural Networks: Convolution operations can be represented as
matrix multiplication with structured sparse matrices (Toeplitz matrices), enabling
efficient computation.

Attention Mechanisms: The self-attention mechanism in transformers com-
putes:

Attent'on(Q K,V ) = softmax ( ) V
1 ) )
vV dk

where ), K, V are query, key, and value matrices. This involves matrix multipli-
cations and the softmax function.

Graph Neural Networks: Node representations are updated using the graph
adjacency matrix A:

HWD = o <D—%AD—%H“>W<’>)

where A = A + I is the augmented adjacency matrix and D is the degree matrix.




Chapter 2

Support Vector Machines: Compre-
hensive Mathematical Treatment

Learning Objectives

By the end of this chapter, you will be able to:

e Derive the SVM optimization problem from geometric first principles with
complete mathematical rigor

e Understand the complete mathematical formulation of hard and soft margin
SVM

e Master the Lagrange duality framework and KKT conditions for constrained
optimization

e Implement the kernel trick for non-linear classification with deep theoretical
understanding

e Apply SVM to real-world classification problems with proper parameter tun-
ing and validation

e Interpret support vectors and their role in model generalization and robust-
ness

e Implement SVM training algorithms including Sequential Minimal Optimiza-
tion (SMO)

e Extend SVM to multi-class classification and regression problems

e Understand the theoretical guarantees and generalization bounds for SVM

17
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2.1 Maximum Margin Classification: Geometric Foun-
dation

Concept Definition

Maximum Margin Classifier: A linear classifier that finds the decision bound-
ary (hyperplane) with the largest possible perpendicular distance (margin) to the
nearest data points of any class. The points that define this margin are called
support vectors.

Support Vectors: The training data points that lie exactly on the margin bound-
aries. These points are critical because they alone determine the optimal decision
boundary - removing other points doesn’t affect the solution. Support vectors are
the "hardest” points to classify and carry all the information needed for classifica-
tion.
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What, Why, How - Complete Breakdown

WHAT is maximum margin classification?
The core idea is to find a decision boundary that:

Correctly separates the classes (for separable data)

Maximizes the distance from the boundary to the nearest points
Is determined solely by a subset of points called support vectors
Creates a ”safety buffer” around the decision boundary

Provides theoretical generalization guarantees through margin theory

WHY maximize the margin?

Better Generalization: Theoretical guarantees (VC dimension, margin
theory) show that larger margins lead to better performance on unseen data.
The margin v appears directly in generalization bounds.

Robustness: More tolerant to noise and small perturbations in feature val-
ues. Small changes in non-support vectors don’t affect the decision boundary.

Unique Solution: Convex optimization ensures we find the global optimum.
The maximum margin hyperplane is unique for separable data.

Theoretical Foundations: Connection to regularization theory and struc-
tural risk minimization. SVM minimizes both empirical risk and model com-
plexity.

Interpretability: Support vectors provide insight into which data points are
most important for classification.

Sparsity: Only support vectors affect the final model, making predictions
efficient.

HOW do we formulate and solve the margin maximization problem?

Geometric Setup: Define the decision boundary as wix 4+ b =0
Margin Boundaries: Create parallel hyperplanes at w’x + b = %1

Margin Calculation: Compute distance between margin boundaries as ﬁ

Optimization: Maximize margin by minimizing ||w|| subject to classification
constraints

Constraint Formulation: Ensure all points satisfy y;(wlx; +b) > 1

Convex Optimization: Solve using quadratic programming or specialized
algorithms
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Detailed Explanation

Deep Dive: Margin Geometry and Optimization Foundations
Distance from Point to Hyperplane:
The perpendicular distance from a point x to the hyperplane w'x + b = 0 is:

This formula comes from vector projection geometry. The numerator measures how
far the point is from the hyperplane in the direction normal to it.
Functional vs Geometric Margin:

e Functional Margin: 9; = y;(W’x; + b) - scale-dependent measure of classi-
fication confidence. If 4; > 0, the point is correctly classified.

. . yz(Wsz+b) 'AYZ o o o
e Geometric Margin: ~; = R T T scale-invariant actual distance

to boundary. This is the quantity we want to maximize.

The functional margin can be made arbitrarily large by scaling w and b, but the
geometric margin is invariant to such scaling.
Support Vector Characterization:
For a support vector x;:
yi(wix; +b) =1

This means support vectors are exactly one unit of functional margin away from the

decision boundary. The distance from a support vector to the decision boundary
o 1
is —.

[[wll

Margin Width Derivation:
The distance between the two margin boundaries w/x +b =1 and w/x +b = —1
is:
1—(-1 2
Margin = | (=1 =
[[wl] [[wl]

This comes from computing the distance between two parallel hyperplanes. To
maximize the margin, we minimize ||w||.
Why | w|? instead of ||w||?

e Differentiability: ||w| is not differentiable at w = 0, while ||w||? is differ-
entiable everywhere

e Mathematical Convenience: The derivative of | |w]|? is simply w, making
gradient computations straightforward

e Equivalent Optimization: Minimizing |/w||* is equivalent to minimizing
||w|| for our purposes since both give the same optimal w (up to scaling)

e Convexity: Both functions are convex, but ||w]|? is strictly convex, guar-
anteeing a unique minimum

e Numerical Stability: The quadratic form leads to better numerical prop-
erties in optimization algorithms

The Bias Term b:
The bias term b shifts the decision boundary from the origin:

o Without b. the hvperplane must pass through the origin. severely limiting
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2.2 Mathematical Formulation: Optimization Prob-
lem

Concept Definition

Primal SVM Problem: The original constrained optimization formulation that
directly minimizes the norm of the weight vector subject to classification con-
straints. For hard margin SVM:

Miny w2
subject to y;(wix; +b)>1, i=1,...,n

Convex Optimization: A class of optimization problems where the objective
function is convex and the feasible region is a convex set. SVM falls into this
category, guaranteeing that any local minimum is also a global minimum. The
constraints are linear, making the feasible region a convex polyhedron.
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What, Why, How - Complete Breakdown

WHAT is the complete optimization framework?
The SVM optimization problem consists of:

e Objective Function: ;|/w|®* - maximizes margin by minimizing weight
norm

e Constraints: y;(w'x; +b) > 1 - ensures correct classification with margin
e Parameters: w (weight vector) and b (bias term)
e Feasible Region: All (w,b) pairs that satisfy the classification constraints

e Optimality Conditions: Karush-Kuhn-Tucker (KKT) conditions charac-
terize the solution

WHY this specific formulation?

e Convexity: Guarantees existence of unique global minimum (for strictly
convex objective)

e Differentiability: Enables efficient gradient-based optimization methods

e Geometric Interpretation: Direct correspondence with margin maximiza-
tion

e Dual Formulation: Naturally leads to kernel trick and support vector in-
terpretation

e Theoretical Guarantees: Connection to statistical learning theory and
generalization bounds

e Computational Tractability: Can be solved efficiently using quadratic
programming

HOW do we solve this optimization problem?

1. Lagrange Duality: Convert constrained problem to unconstrained dual
problem

2. Quadratic Programming: Solve the convex quadratic optimization prob-
lem using specialized algorithms

3. KKT Conditions: Use Karush-Kuhn-Tucker conditions for optimality ver-
ification and solution interpretation

4. Support Vector Identification: Extract support vectors from Lagrange
multipliers

5. Parameter Recovery: Compute w and b from dual solution

6. Specialized Algorithms: Use SMO (Sequential Minimal Optimization) for
large-scale problems
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Mathematical Breakdown

Complete Primal Problem Derivation:
Step 1: Margin Width Calculation
The distance between the margin boundaries is:

2
Margin = —
Iw

Maximizing this is equivalent to minimizing ||wl||.
Step 2: Constraint Formulation
For correct classification with margin at least 1:

y(wix; +b)>1 Vi=1,...,n

The value 1 is arbitrary due to scale invariance, but this normalization simplifies
the mathematics.

Step 3: Objective Function Selection

We use 5||w]||? instead of ||w]| because:

e It’s differentiable everywhere (unlike ||w| at w = 0)
e Its derivative is simpler: Vi||w|> =w
e It preserves convexity and the optimal solution (same optimal w up to scaling)
e [t leads to a standard quadratic programming problem
Step 4: Complete Primal Formulation

miny p %HW”2
subject to y;(wix; +b)>1, i=1,...,n

Step 5: Convexity Verification
e Objective: 5| w||? is strictly convex (Hessian = I > 0)

e Constraints: Linear inequalities define convex feasible region (intersection of
half-spaces)

e Therefore: The problem is convex with unique global minimum (if feasible)
Interpretation of Solution Components:

e Weight Vector w: Normal to the decision hyperplane, indicates feature
importance through magnitude of components

e Bias b: Shifts decision boundary from origin, determined by support vectors

e Support Vectors: Points where y;(w'x; +b) = 1, completely determine the
solution

e Margin: - measure of model confidence and generalization ability

[[wll

e Dual Variables «;: Lagrange multipliers, non-zero only for support vectors

Soft Margin Extension:
For non-separable data, we introduce slack variables &;:
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2.3 Lagrange Duality: Complete Derivation

Concept Definition

Lagrangian Function: A reformulation of constrained optimization problems
that incorporates constraints into the objective function using Lagrange multipliers.
For the primal SVM problem:

1 n
L(w,b,a) = EHWHQ =) oy (wx; + b) — 1]

i=1

where o; > 0 are Lagrange multipliers.

Dual Problem: An alternative optimization problem derived from the Lagrangian
that provides lower bounds on the optimal value of the primal problem. For SVM,
the dual reveals the kernel trick and support vectors. The dual is often easier to
solve and provides more insight.
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What, Why, How - Complete Breakdown

WHAT is Lagrange duality and why is it important for SVM?
Lagrange duality transforms the constrained primal problem into an unconstrained
dual problem that:

Reveals support vectors through non-zero Lagrange multipliers
Enables kernel trick through appearance of dot products x! x;
Simplifies optimization by converting to a simpler problem structure
Provides interpretation through complementary slackness conditions
Connects to theoretical guarantees through duality gap analysis

Handles high-dimensional features more efficiently in some cases

WHY use the dual formulation instead of the primal?

Kernelization: Dot products appear naturally, enabling non-linear classifi-
cation without explicit feature mapping

Support Vector Identification: Non-zero «; directly indicate support vec-
tors

Optimization Efficiency: Often easier to solve, especially for high-
dimensional data where d > n

Theoretical Insight: Provides understanding of problem structure and so-
lution properties

Implementation Advantages: More stable numerical properties in prac-
tice

Parameter Interpretation: Lagrange multipliers indicate influence of each
training point

HOW do we derive and solve the dual problem?

. Construct Lagrangian: Combine objective and constraints with multipliers
. Stationarity Conditions: Set derivatives w.r.t. primal variables to zero
. Express in Dual Variables: Eliminate primal variables using stationarity

. Form Dual Objective: Substitute back to get function of dual variables

only

Solve Dual Problem: Optimize over dual variables with simpler constraints

. Recover Primal Solution: Compute optimal w and b from dual solution

Verify Optimality: Check KKT conditions
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Detailed Explanation

Deep Dive: Lagrange Duality Theory
Lagrangian Construction:
For the primal SVM problem, the Lagrangian is:

1 n
L(w,b,a) = Z[w]* - > aily(wx; +b) = 1]

=1

where «; > 0 are Lagrange multipliers for each constraint.
Primal and Dual Problems:

e Primal Problem: miny, , max,>o £(w,b, «)
e Dual Problem: max,>ominy , £(W,b, @)

e Duality Gap: Difference between primal and dual optimal values (zero for
convex problems with constraint qualification)

e Strong Duality: When primal and dual optimal values are equal

Stationarity Conditions:

VWE =W — iaiyixi =0=w= iaiyixi
=1 =1

—ia@-yi =0= iaiyi =0
i=1 i=1

These conditions have important interpretations:

e w=> " ayx;: The weight vector is a linear combination of training sam-
ples

e > "  a;y; = 0: The weighted sum of labels is zero

Dual Problem Derivation:
Substitute stationarity conditions into Lagrangian:

n w r
% Z QYiXi|| — Z Qi | Yi (Z aj?Jij) X +b] —1
-5 Z Z O‘za]yzij X5 — Z Z azaﬂylyﬂx 55 = b Z oY + Z &

lel =1 j=1

—Zal——ZZaajyzij X

=1 g=ll

The b term disappears due to the constraint y ., oyy; = 0.
Complete Dual Problem:

n 1 n n T
maXe Zi:1 Q; — 5 Zi:l ijl Q0 Y Y X X
subject to a; >0, i=1,....n

2?21 a;y; = 0
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2.4 Kernel Methods and the Kernel Trick

Concept Definition

Kernel Function: A function K : X x X — R that computes the inner product
between images of input points in some feature space without explicitly computing
the coordinates in that space. Formally, K (x,z) = (¢(x), ¢(z)) where ¢ : X — F
is a feature map.

Kernel Trick: The technique of replacing inner products in the dual SVM for-
mulation with kernel function evaluations, thereby implicitly mapping data to a
high-dimensional feature space where linear separation becomes possible. This al-
lows SVM to learn non-linear decision boundaries.
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1.

What, Why, How - Complete Breakdown

WHAT are kernel methods and why do we need them?
Kernel methods address the fundamental limitation of linear classifiers:

WHY use kernels instead of explicit feature expansion?

HOW do kernels work in practice?

. Kernel Matrix: Precompute K;; = K(x;,x;) for training data

. Dual Formulation: Replace x! x; with K (x;,x;) in dual problem

. Prediction: Use kernel evaluations for new predictions: f(x) =

. Parameter Tuning: Use cross-validation to select kernel parameters

Non-linear Patterns: Many real-world classification problems require non-
linear decision boundaries

Feature Space Mapping: Map data to high-dimensional space where linear
separation is possible

Implicit Computation: Compute in high-dimensional space without ex-
plicit coordinate calculation

Flexible Modeling: Capture complex relationships while maintaining con-
vex optimization

Theoretical Foundation: Based on Reproducing Kernel Hilbert Space
(RKHS) theory

Computational Efficiency: Avoid exponential growth in computational
cost for high-dimensional feature spaces

Memory Efficiency: Don’t need to store high-dimensional feature vectors

Numerical Stability: Kernel matrices often have better conditioning than
explicit feature matrices

Flexibility: Can use infinite-dimensional feature spaces (RBF kernel)
Domain Adaptation: Custom kernels can incorporate domain knowledge

Theoretical Guarantees: Mercer’s theorem provides mathematical foun-
dation

Kernel Selection: Choose appropriate kernel function for the problem
(RBF, polynomial, etc.)

Optimization: Solve the kernelized dual problem

Yoy K (x,x) + b
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Mathematical Breakdown

Common Kernel Functions and Their Properties:
Linear Kernel:
K(x,z) =x"z

Feature Mapping: ¢(x) = x (identity mapping)

Complexity: Linear decision boundaries

e Use Case: Linearly separable data, high-dimensional data

Advantages: Simple, fast, no parameters to tune

Limitations: Cannot learn non-linear patterns

Polynomial Kernel:
K(x,z) = (vx'z +r)?

Parameters: ~ (scale), r (coefficient), d (degree)

Feature Mapping: All polynomial terms up to degree d

Complexity: Polynomial decision boundaries of degree d

e Use Case: Moderate non-linearity, ordinal data

Advantages: Can capture feature interactions

e Limitations: Numerical instability for high d, many parameters to tune
Radial Basis Function (RBF) Kernel:

K(x,2) = exp (—7]x — 2|?)

e Parameters: v (bandwidth, inverse of influence radius)

e Feature Mapping: Infinite-dimensional feature space

e Complexity: Very flexible, can approximate any continuous function

e Use Case: Complex non-linear boundaries, no strong prior knowledge

e Properties: Universal kernel, translation invariant, positive definite

e Advantages: Very flexible, only one parameter to tune

e Limitations: Can overfit, computationally expensive for large datasets

Sigmoid Kernel:
K(x,z) = tanh(yx'z + )

Parameters: v (scale), r (intercept)

Feature Mapping: Similar to neural network activation

e Use Case: Neural network-like behavior

Caveat: Not always positive definite, requires careful parameter tuning

Kernelized Dual Problem:
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2.5 Soft Margin SVM: Handling Non-Separable Data

Concept Definition

Soft Margin SVM: An extension of the hard margin SVM that allows some
misclassification by introducing slack variables, making it suitable for real-world
datasets that are not perfectly separable. The soft margin formulation balances
margin maximization with classification error minimization.

Slack Variables: Non-negative variables &; > 0 that measure the degree of margin
violation for each training point. & quantifies how much a point fails to meet the
margin requirement. Points with & > 0 are either inside the margin or misclassified.
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What, Why, How - Complete Breakdown

WHAT is the soft margin formulation and why is it necessary?
The soft margin SVM introduces:

Slack Variables: & measuring margin violation for each point

Regularization Parameter: C controlling trade-off between margin and
errors

Controlled Misclassification: Allows some points inside margin or mis-
classified

Robustness: Handles noise, outliers, and overlapping classes

Practical Applicability: Makes SVM usable for real-world datasets

WHY do we need soft margin in practice?

Real-World Data: Perfect separation is rare in practical applications due
to noise and measurement errors

Noise and Outliers: Real datasets contain mislabeled points and measure-
ment errors that shouldn’t dictate the decision boundary

Overfitting Prevention: Hard margin can overfit to noise in training data,
resulting in poor generalization

Model Robustness: Soft margin provides better generalization performance
on test data

Practical Necessity: Essential for applying SVM to most real-world prob-
lems

Theoretical Foundation: Connected to regularization theory and struc-
tural risk minimization

HOW does soft margin work mathematically and practically?

. Slack Introduction: Modify constraints to y;(w'x; +b) > 1 — ¢

Penalty Term: Add C') " | & to objective function

Parameter Tuning: Choose C' via cross-validation based on problem char-
acteristics

. Interpretation: Understand margin-violating points and their impact on

the model

. Implementation: Solve the modified optimization problem using similar

techniques as hard margin

. Model Selection: Use validation to find optimal C for the specific dataset
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Detailed Explanation

Deep Dive: Soft Margin Formulation and Interpretation
Complete Soft Margin Primal Problem:

minwge  5llW|?+ O, &
subject to y;(wlix; +b)>1-§&, i=1,...,n
&20, izl,...,n

Slack Variable Interpretation:
The slack variables & have specific interpretations:

e & = 0: Point correctly classified with margin > 1 (outside or on margin)
e 0 <& < 1: Point correctly classified but inside margin

e & = 1: Point exactly on decision boundary

e & > 1: Point misclassified

The value &; represents the degree to which the point violates the margin condition.
Regularization Parameter C:
The parameter C' controls the trade-off between margin size and classification errors:

e Large C': High cost for errors narrow margin, fewer misclassifications, po-
tential overfitting

e Small C': Low cost for errors wide margin, more misclassifications, potential
underfitting

e Infinite C: Equivalent to hard margin SVM (no errors allowed)

e Zero C: No penalty for errors maximal margin regardless of errors (mean-
ingless solution)

e Typical Range: C € [1073,10%] in practice, determined by cross-validation
Lagrangian for Soft Margin:

——HWHQ—I—CZ& Zaz yz(w Xz+b _1+§z Z/ngz

=1

where a; > 0 and p; > 0 are Lagrange multipliers.
Stationarity Conditions:

oL a
o W — Yix; =0
=W ;ayx

From the last condition, we get o; = C' — p;. Since p; > 0, this implies oy < C.
Soft Margin Dual Problem:

max, Do — 5 > S ooy K (%, X;)
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2.6 Sequential Minimal Optimization (SMO) Algo-
rithm

Concept Definition

Sequential Minimal Optimization (SMO): An algorithm for efficiently solv-
ing the quadratic programming (QP) optimization problem that arises during the
training of SVMs. SMO breaks the large QP problem into a series of smallest
possible QP sub-problems, which are then solved analytically. It was developed
specifically for SVM training and is widely used in practice.

Working Set: The set of Lagrange multipliers chosen for optimization at each
iteration. In SMO, the working set always has size 2, which is the smallest possible
set that maintains the linear constraint.

What, Why, How - Complete Breakdown

WHAT is the problem SMO solves? The SVM dual problem is a convex QP
problem with a linear constraint (>, a;y; = 0) and box constraints (0 < o; < C).
For large datasets (n ; 10,000), standard QP solvers become prohibitively slow
and memory-intensive, as the kernel matrix K has n? elements. SMO is a highly
efficient workaround that doesn’t require storing the entire kernel matrix.

WHY is SMO so effective? 1. **Decomposition:** It decomposes the massive
problem into tiny, manageable pieces. 2. **Analytical Solution:** The smallest
possible sub-problem involves only two Lagrange multipliers (o, a;). This sub-
problem has an analytical (closed-form) solution, avoiding the need for an iterative
QP solver for the sub-problem. 3. **No Matrix Storage:** SMO does not require
the entire kernel matrix to be stored in memory. It computes kernel elements as
needed. 4. **Heuristic Choice:** It uses clever heuristics to choose which two
multipliers to optimize at each step, speeding up convergence dramatically. 5.
**Caching:** Kernel evaluations can be cached to avoid recomputation. 6. **Nu-
merical Stability:** The analytical solution is numerically stable.

HOW does the SMO algorithm work? The algorithm iterates until conver-
gence: 1. **Heuristic Selection:** Use a two-tier heuristic to select two Lagrange
multipliers a; and ay that violate the KKT conditions the most. This is the ”work-
ing set selection.” 2. **Analytical Optimization:** Solve the two-variable QP prob-
lem *analytically*. * The objective is quadratic in ay, ap. * The linear constraint
a1y; + Yy = constant means the problem is 1-dimensional. * Find the minimum
along the constrained line, then clip the solution to satisfy the box constraints
0 < a; <C. 3. **Update Bias:** Recompute the bias term b based on the new
multipliers. 4. **Check Convergence:** Repeat until all multipliers satisfy the
KKT conditions within a tolerance e.
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Mathematical Breakdown

SMO Two-Variable Optimization Step
Let the two multipliers chosen be a; and as. The objective function for the dual
problem, focusing only on terms involving a; and s, is:

1 1
W(ay, ag) = 041—1—042—5[(113/%04%—5 22Y5 0 — K 19919201 iy — Y1 011 V1 — Y2 QtaUp+-constant
where V; = Z;L:?’ yjajKij; and Kzg = K(XZ,XJ)
The linear constraint is a1y + asys = ¢, where ( is a constant. We can express a;
in terms of as: ay = (¢ — agy2)y;.
Substituting this into W, we get a quadratic function in ao:

W(ay) = aaj + bag + ¢

The unconstrained optimum is at o “"*" = —b/(2a). We then must clip this value
to the feasible region defined by the box constraints and the linear constraint,
resulting in af**. Finally, o’ is computed from af*".

KKT Conditions as the Stopping Criterion: SMO converges when all La-
grange multipliers satisfy the KKT conditions for the dual problem within a toler-
ance € - a; =0 =y f(x;) > 1 (point is correctly classified outside mar-
gin) -0 < oy < C = yf(x;) =1 (point is a margin support vector) -
a;=C =y f(x;) <1 (point is inside margin or misclassified)

The algorithm checks for violations of these conditions, e.g., if a; = 0 but y; f(x;) <
1, then this multiplier is a candidate for optimization.

Working Set Selection Heuristics:

SMO uses a two-tier approach for selecting the working set: 1. **First Choice:**
Loop over all examples that violate KKT conditions, looking for a;. 2. **Sec-
ond Choice:** Use a heuristic to choose a5 that maximizes the step size, which is
approximated by |E; — Es|, where E; = f(x;) — y; is the prediction error.
Computational Complexity: - Memory: O(n) for storing gradients and alpha
values - Time: Typically O(n?) to O(n?®) depending on dataset - Kernel evaluations:
Major bottleneck, minimized by caching

Implementation Details: - **Gradient Updates:** After each optimization step,
update the gradient vector efficiently - **Caching:** Cache frequently used ker-
nel evaluations - **Shrinking:** Temporarily remove variables that seem to be at
bounds - **Kernel Cache Management:** Implement strategies for large datasets
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2.7 Multi-Class SVM and Extensions

Concept Definition

Multi-Class SVM: An extension of the binary SVM classifier to problems with
more than two classes. Since the standard SVM is inherently binary, multi-class
classification is typically achieved by combining multiple binary classifiers. There
is no single "natural” extension of SVM to multi-class problems.

Support Vector Regression (SVR): An extension of SVM principles to regres-
sion problems. Instead of finding a hyperplane that separates classes, SVR finds a
function that deviates from the training data by at most € while being as flat as
possible.

What, Why, How - Complete Breakdown

WHAT are the strategies for multi-class classification? There are two
dominant approaches: 1. **One-vs-Rest (OvR) or One-vs-All (OvA):** For K
classes, we train K separate binary SVM classifiers. The k-th classifier is trained to
distinguish class k from all the other K —1 classes. During prediction, we run all K
classifiers and choose the class whose classifier outputs the largest decision function
value (i.e., the one with the highest confidence). 2. **One-vs-One (OvO):** For
K classes, we train ([2{ ) binary SVM classifiers, one for every pair of classes. Each
classifier is trained to distinguish between two specific classes. During prediction,
we run all (I;) classifiers and let them vote for a class. The class with the most
votes wins.

WHY use one strategy over the other? - **One-vs-Rest (OvR):** * **Prog:**
Only requires K models to be trained, which is more computationally efficient for
large K. * **Cons:** The training sets for each classifier are imbalanced (one class
vs many), which can be problematic. The "all other classes” group may not form a
coherent cluster, making the classification task harder for the SVM. Can suffer from
the "false positive” problem. - **One-vs-One (OvO):** * **Prog:** Each binary
classification task is simpler and more balanced, as it only involves two classes.
This often leads to better performance in practice. * **Cons:** Requires training
O(K?) models, which can be prohibitive if K is very large (e.g., 1000 classes means
499,500 models!). Prediction requires evaluating all classifiers.

HOW are they implemented in practice? Most ML libraries (like scikit-
learn) automatically use these schemes under the hood when you call ‘SVC‘ on a
multi-class dataset. Scikit-learn uses the **One-vs-One** strategy by default for
SVC because it generally gives better results. The choice is a trade-off between
computational cost and classification accuracy.

Other multi-class approaches: - **Directed Acyclic Graph SVM (DAGSVM):**
Uses a binary tree of classifiers - **All-at-Once ( Weston & Watkins, Crammer &
Singer):** Single optimization problem that considers all classes simultaneously -
**Error-Correcting Output Codes (ECOC):** Uses error-correcting codes for multi-
class classification
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Detailed Explanation

Support Vector Regression (SVR)

SVR extends SVM concepts to regression problems. The key idea is to find a
function f(x) = w’x + b that has at most e deviation from the actual targets y;
for all training data, while being as flat as possible.

e-Insensitive Loss:

SVR uses the e-insensitive loss function:

Le(y, f(x)) = max(0, [y — f(x)| =€)

This means errors less than e are ignored (insensitive zone).
SVR Primal Problem:

minwpee W+ O30, (& + &)

subject to 1y, — wix; — b <e+§
wix; +b—y; < e+ &
&,51*20, izl,...,n

Here, & and & are slack variables for points above and below the e-tube.
SVR Dual Problem:

MaXaar  —5 Di djer (0 — ) (@ — aF) K (X3, %) — € 300 (o +af) + 250 vilfu

subject to > (v —af) =0
0<aa; <C, i=1,...,n

SVR Prediction Function:

FO0) = (0 = ) K i) 4+

Only points with |a; — af| > 0 (support vectors) contribute to the prediction.
Parameter ¢ in SVR:

The parameter € controls the width of the insensitive zone: - Large e: Fewer support
vectors, smoother function - Small e: More support vectors, function can fit training
data more closely - € = 0: All points contribute to the solution

Other SVM Extensions:

e **One-Class SVM:** For novelty detection, finds a hypersphere that contains
most of the data

e **Structured SVM:** For structured output prediction (sequence labeling,
parsing)

e **Laplacian SVM:** For semi-supervised learning, incorporates manifold
structure

e “*Multiple Kernel Learning:** Learns optimal combinations of kernels

o “*Transfer Learning with SVM:** Adapts SVM models to new domains

Theoretical Guarantees:
SVM has strong theoretical foundations: - **VC Dimension:** The VC dimension
of SVM is related to the margin: h < min([R?/7?],d) + 1 - **Generalization

Bound:** With probability at least 1 — ¢:



Chapter 3

Advanced Topics and Applications

Learning Objectives

By the end of this chapter, you will be able to:

e Understand the theoretical foundations of SVM including VC dimension and
generalization bounds

e Apply SVM to various real-world problems with proper preprocessing and
parameter tuning

e Implement SVM from scratch and understand practical implementation de-
tails

e Compare SVM with other machine learning algorithms and understand when
to use each

e Extend SVM concepts to novel problem domains and applications

e Understand recent advances and variations of SVM in modern machine learn-
ing

3.1 Theoretical Foundations of SVM

VC Dimension of Linear Classifiers For linear classifiers in R?, the VC dimen-
sion is d + 1. For SVM with margin +, the effective VC dimension can be bounded

by:
R2
VC-dim < min ([—2-‘ ,d) +1
Y

where R is the radius of the smallest sphere containing the data.

Proof Sketch: The VC dimension bound comes from fat-shattering dimension
theory. The key insight is that large margin classifiers have smaller effective capac-
ity, which leads to better generalization. The bound shows that SVM can generalize
well even in very high-dimensional spaces if the margin is large.
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Generalization Bound for SVM Let f be an SVM classifier with margin v on
training data lying in a ball of radius R. Then with probability at least 1 — d over
the training set of size n, the generalization error is bounded by:

R(f) < %Zl(yif(xi) <) +0 (\/R%Z + 10g(1/6))

n
i=1

This bound justifies the maximum margin principle: by maximizing v, we minimize
the second term in the bound, leading to better generalization.
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3.2 Practical Implementation Guide

Detailed Explanation

Complete SVM Implementation Pipeline

Data Preprocessing: 1. **Feature Scaling:** Standardize or normalize features
to [0,1] 2. **Handling Missing Values:** Impute or remove missing values 3. **Cat-
egorical Variables:** Use one-hot encoding or target encoding 4. **Text Data:**
Use TF-IDF or word embeddings 5. **Image Data:** Use raw pixels or feature
extraction

Model Selection: 1. **Kernel Selection:** - Linear: High-dimensional data,
linear relationships - RBF: Default choice, non-linear relationships - Polynomial:
Known polynomial relationships - Sigmoid: Neural network-like behavior 2. **Pa-
rameter Tuning:** - Use grid search or random search - Cross-validation for reliable
estimates - Consider computational cost

Training: 1. **Algorithm Choice:** - SMO: General purpose - LIBSVM: Well-
optimized library - SGD: For very large datasets (linear SVM) 2. **Convergence
Criteria:** - KKT violation tolerance - Maximum iterations - Objective function
change

Evaluation: 1. **Metrics:** - Accuracy, precision, recall, F1-score - AUC-ROC for
probabilistic outputs - Confusion matrix analysis 2. **Validation: - Hold-out vali-
dation - k-fold cross-validation - Nested cross-validation for unbiased performance
estimation

Common Pitfalls and Solutions:

Overfitting with RBF Kernel The RBF kernel can easily overfit, espe-
cially with small datasets and large C' values. Solution: Use cross-validation
to select C' and ~, consider using linear kernel for high-dimensional data.

Poor Performance with Imbalanced Data SVM can be biased toward
the majority class. Solution: Use class weights, different C' values for differ-
ent classes, or resampling techniques.

High Computational Cost SVM training can be slow for large datasets.
Solution: Use linear SVM with SGD, subset selection, or approximate kernel
methods.

Code Example: SVM Implementation

Listing 3.1: Complete SVM implementation in Python using scikit-learn

import numpy as np

from sklearn import svm

from sklearn.model_selection import GridSearchCV
from sklearn.preprocessing import StandardScaler
from sklearn.pipeline import Pipeline

from sklearn.metrics import classification_report

pipeline = Pipeline ([
(’scaler’, StandardScaler ()),
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3.3. COMPARISON WITH OTHER ALGORITHMS

3.3 Comparison with Other Algorithms

Detailed Explanation

SVM vs Other Classification Algorithms

SVM vs Logistic Regression: - **SVM:** Maximizes margin, good for high-
dimensional data, works well with kernels - **Logistic Regression:** Provides
probabilities, faster training, better for online learning - **When to use SVM:**
Complex decision boundaries, high-dimensional data, clear margin of separation -
**When to use Logistic Regression:** Probability outputs needed, large datasets,
interpretable feature importance

SVM vs Decision Trees: - **SVM:** Global optimization, works well with ker-
nels, sensitive to feature scaling - **Decision Trees:** Interpretable, handles mixed
data types, invariant to feature scaling - **When to use SVM:** Numerical data,
complex boundaries, high-dimensional spaces - **When to use Decision Trees:**
Categorical features, interpretability needed, mixed data types

SVM vs Neural Networks: - **SVM:** Convex optimization (global opti-
mum), strong theoretical guarantees, works well with small datasets - **Neural
Networks:** Very flexible, automatic feature learning, scales to large datasets -
**When to use SVM:** Small to medium datasets, strong theoretical foundation
needed - **When to use Neural Networks:** Very large datasets, complex patterns,
feature learning needed

SVM vs k-Nearest Neighbors: - **SVM:** Global model, efficient prediction,
works with kernels - **k-NN:** Instance-based, simple implementation, naturally
multi-class - **When to use SVM:** High-dimensional data, clear margin, efficient
prediction needed - **When to use k-NN:** Low-dimensional data, simple imple-
mentation, local patterns

Strengths of SVM: 1. **Theoretical Foundations:** Strong mathematical foun-
dation and generalization guarantees 2. **Kernel Trick:** Ability to handle non-
linear decision boundaries efficiently 3. **Global Optimization:** Convex problem
guarantees global optimum 4. **Sparsity:** Only support vectors affect predic-
tions 5. **High-Dimensional Performance:** Works well when number of features
., number of samples 6. **Margin Maximization:** Built-in regularization through
margin control

Weaknesses of SVM: 1. **Computational Cost:** Training can be slow for large
datasets 2. **Memory Requirements:** Need to store support vectors (can be many
for soft margin) 3. **Parameter Sensitivity:** Performance depends heavily on
parameter choices 4. **Interpretability:** Kernel SVM is less interpretable than
linear models 5. **Probability Estimates:** Not naturally probabilistic (requires
additional steps) 6. **Multi-class Extension:** No natural multi-class formulation

Recent Advances in SVM:

**Deep SVM:** Combining deep learning features with SVM classifier

e **Structured SVM:** For complex output spaces like sequences and trees
o **Transfer SVM:** Adapting SVM models to new domains

e **Online SVM:** For streaming data and online learning

e **Quantum SVM:** Using quantum computing for kernel evaluation

e **Approximate SVM:** Using approximations for large-scale problems
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3.4 Real-World Applications

Detailed Explanation

Successful Applications of SVM

Text Classification and NLP: - **Spam Detection:** Classifying emails as spam
or not spam - **Sentiment Analysis:** Determining positive/negative sentiment
in text - **Topic Classification:** Categorizing documents into topics - **Named
Entity Recognition:** Identifying entities in text

Image Processing and Computer Vision: - **Object Recognition:** Identify-
ing objects in images - **Handwritten Digit Recognition:** MNIST digit classifica-
tion - **Face Detection:** Detecting faces in images - **Medical Image Analysis:**
Tumor detection in medical images

Bioinformatics: - **Protein Structure Prediction:** Predicting protein secondary
structure - **Gene Expression Analysis:** Classifying cancer types from gene ex-
pression data - **Drug Discovery:** Predicting drug-target interactions - **Se-
quence Analysis:** DNA and protein sequence classification

Finance: - **Credit Scoring:** Predicting credit default risk - **Fraud Detec-
tion:** Identifying fraudulent transactions - **Stock Market Prediction:** Predict-
ing stock price movements - **Risk Management:** Assessing financial risks
Other Applications: - **Recommendation Systems:** Collaborative filtering
with kernel methods - **Anomaly Detection:** Identifying unusual patterns in data
- **Quality Control:** Detecting defects in manufacturing - **Remote Sensing:**
Land cover classification from satellite imagery

Case Study: Handwritten Digit Recognition

The MNIST dataset is a classic benchmark for classification algorithms. SVM with
RBF kernel typically achieves 98-99% accuracy on this task.

Key Steps: 1. **Preprocessing:** Normalize pixel values to [0,1] 2. **Feature
Engineering:** Consider using HOG features or raw pixels 3. **Model Selection:**
RBF kernel usually works best 4. **Parameter Tuning:** Use cross-validation to
find optimal C and 5. **Multi-class:** Use one-vs-one or one-vs-rest strategy
Performance Comparison: - Linear SVM: 92% accuracy - RBF SVM: 99%
accuracy - Neural Networks: 99.5% accuracy - Human performance: 98% accuracy
This case study demonstrates SVM’s effectiveness for image classification tasks,
particularly with appropriate kernel choice.
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Summary of Key Insights

1. **SVM provides a principled approach*™* to classification with strong theoretical
guarantees and excellent empirical performance.

2. **The kernel trick** is SVM’s superpower, allowing it to learn complex non-
linear decision boundaries while maintaining convex optimization.

3. **Support vectors®* are the heart of SVM - they completely determine the
decision boundary and make the model sparse and efficient.

4. **Parameter tuning is crucial** - the choice of kernel and regularization param-
eters significantly impacts performance.

5. **SVM excels in high-dimensional spaces™ and works particularly well when
the number of features exceeds the number of samples.

6. **While computationally intensive®** for large datasets, SVM remains competi-
tive for many applications and has inspired numerous extensions and variations.
7. **The maximum margin principle®* provides built-in regularization and leads
to good generalization performance.

SVM continues to be an important tool in the machine learning toolkit, particularly
for problems with clear margins of separation and where theoretical guarantees are
valued.

*
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Appendix A

Mathematical Appendix

A.1 Linear Algebra Review

Singular Value Decomposition Theorem Every real m x n matrix A can be
factored as:
A=UxV"

where: - U is an m x m orthogonal matrix - ¥ is an m x n diagonal matrix with
non-negative entries - V' is an n x n orthogonal matrix

Proof Sketch: The SVD can be derived from the eigen decomposition of AT A and
AAT. The singular values are the square roots of the eigenvalues of AT A, and the
singular vectors are the eigenvectors of these matrices.

A.2 Convex Optimization Theory

Karush-Kuhn-Tucker (KKT) Conditions For a convex optimization problem:

with f and g¢; convex and h; affine, the points x* and (\*, v*) are primal and dual
optimal if and only if they satisfy:

L. Stationarity: Vf(x*) + >, AiVgi(x*) + >, i Vh;(x*) =0
2. Primal feasibility: ¢;(x*) <0, h;(x*) =0
3. Dual feasibility: A\ > 0

4. Complementary slackness: Afg;(x*) =0
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Appendix B

Exercise Solutions

B.1 Chapter 1 Exercises

1. Vector Operations: Prove that [[u+ v||*> = ||u®* + ||v|* + 2u - v.

Solution:

lu+v|)?=u+v) (u+v)
=u-ut+u-v+v-u+v-v
= [[uf* +2u-v + ||v|

2. Matrix Rank: Show that rank(AB) < min(rank(A), rank(B)).

Solution: The column space of AB is contained in the column space of A, so
rank(AB) < rank(A). The row space of AB is contained in the row space of B, so
rank(AB) < rank(B). Therefore, rank(AB) < min(rank(A), rank(B)).

B.2 Chapter 2 Exercises

1. SVM Derivation: Derive the dual problem for soft margin SVM.

Solution: The Lagrangian for soft margin SVM is:

——||w||2+0251 Z%yzwxz+b —1+&] - Zmé}

i=1 i=1

Taking derivatives and applying stationarity conditions gives the dual problem.

2. Kernel Trick: Show that the polynomial kernel K(x,z) = (1 +x7z)? corresponds
to a feature map to 6 dimensions.

Solution:
(1+x"z)? =1+2x"z+ (XTZ)2
=142 Z ;2 + Z Z X522
i=1 j=1
= ¢(X)T¢(Z)
where ¢(x) = [1,V2x1,...,V2xq, 5101, 212s, . . ., Tqxq]”
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B.3 Detailed Matrix Examples with Solutions

B.3.1 Data Matrix: Complete Example with Operations

Example: Customer dataset with 4 customers and 3 features (Age, Income, Spending)

25 50000 1200
32 75000 2500
45 60000 1800
28 45000 900

Matrix Operations:

(a) Mean Centering:

—7.5 —=7500 —400
—0.5 17500 900
12,5 2500 200
—4.5 —12500 —700

p=[32.5 57500 1600], Xcentered =

(b) Feature Scaling (Standardization):

—0.88 —0.58 —0.57
—-0.06 134 1.28
1.46  0.19  0.28
—-0.53 —-0.96 —-0.99

o= [8.54 13038.36 703.56] , Xscaled =

(c) Sample Covariance Matrix:

. 218.75  —143750 —9250
Y= —1X§;nterechemered = - | —143750 6.875 x 10® 4.625 x 10°
- —9250  4.625 x 10° 1.485 x 10°

B.3.2 Weight Matrix: Neural Network Forward Pass

Example: 2-layer neural network with 3 inputs, 4 hidden units, 2 outputs

05 —02 08 0.1
—0.3 07 0.1 —0.2
M M _
W 06 —04 09| P 0.3
0.1 05 -03 —0.1
04 —0.7 02 05 0.2
2 — @ —
W 0.6 03 —08 0.1} b {—0.3}

Forward Pass Calculation:
Input: x = [1.0 2.0 3.0}T



B.3. DETAILED MATRIX EXAMPLES WITH SOLUTIONS

Step 1: Layer 1:

05 —02 087 4 0.1
03 07 o1 || 0.2
W _ e+ 1@
27 =WIXHb =106 04 09 ?)‘8 103
—01 05 —o03| L 0.1
2.3 0.1 9.4
_ [l |02 _ |12
= |25 03|~ | 28
0.0 —0.1 —0.1
Step 2: Activation (ReLU):
9.4
1.2
M _ My _
a'’ = max(0,z"") = 58
0.0

Step 3: Layer 2:

24

04 —07 02 05][12] [02
) _ a2 _
27 =W7a+b [—0.6 0.3 —0.8 0.1} 2.8 +{—0.3}

0.0

1 0.96 —0.84 4 0.56 + 0.00 021 | 0.38
- |—1.44+0.36 — 2.24 4+ 0.00 -0.3| |—-3.62

Step 4: Final Output:

y = softmax(z®) = {8.832}

B.3.3 Transformation Matrices: (Geometric Operations
Example: 2D point transformations
Initial point: p = E}

(a) Rotation by 90:
~ |cos90° —sin90°| (0 -1 ;o -1
k= [singoO cos 90° } - {1 0]’ p=fp= [2}
(b) Scaling;:

2 0 S
S‘{o 0.5}’ p_Sp_[Ob}

(c) Shear Transformation:

1 05 . 25
4] el
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(d) Composite Transformation:

oo R AL

B.3.4 Covariance Matrix: PCA Example

Example: 2D dataset for Principal Component Analysis

1 2 -2 —4
2 4 -1 =2
X=13 6 5 Xcentered = 0 0
4 8 1 2
5 10 2 4
Covariance Matrix Calculation:
-2 —4
-1 =2
2_1 -2 -1 01 2 0 0 _1 10 201 |25 5
4 |—-4 -2 0 2 4 1 2_42040_510
2 4
Eigen Decomposition:
25— A 5

det(X — AJ) :det[ ] = (25— A\)(10—A) —25 =0

5 10— A
N —125A=0= )\ =125X =0
Eigenvectors:

—-10 5 1

25 5 2
Ao =0: {5 10:|V—0=>V2—|:_1]

PCA Transformation:

12
P = \/lg _\/i y Z:Xcenteredp
NG NG

B.3.5 Kernel Matrix: SVM Example

Example: 3 data points with RBF kernel

Data points: x; = [8} , Xg = H » X3 = (1)

RBF kernel: K(x,z) = exp(—v||x — z||?) with v =1



B.4. SIMILARITY VS RELATIONSHIP: DETAILED EXAMPLES

o1

K (x1,x;) = exp(—0) = 1.000
K(x1,%3) = exp(—2) = 0.135
K (x1,x3) = exp(—1) = 0.368
K (x2,%3) = exp(—0) = 1.000
K(x2,x3) = exp(—1) = 0.368
K (x3,%x3) = exp(—0) = 1.000

1.000 0.135 0.368
K = {0.135 1.000 0.368
0.368 0.368 1.000

Kernel PCA: Centered kernel matrix

1 1
K.=(I-=-11DK({I - =117
(I - —11")K (1 - ~11")

B.3.6 Graph Adjacency Matrix: PageRank Example

Example: Web graph with 4 pages

Transition Matrix:

PageRank Equation:

With d = 0.85:

O = = O
—_ = O =
OO = =
O O = O

— o= ON-
S Owik O

S

I
O rlwim O
O Swlmolm

r=(1-d)1/n+dPr

0.15
~10.15 T
r = 015 +0.85P'r

0.15

B.4 Similarity vs Relationship: Detailed Examples

B.4.1 Similarity Measurement Examples

Example 1: Document Similarity using Cosine Similarity
Documents as word frequency vectors:

d=[3201 4]T (words: machine, learning, data, science, ai)
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b=[23 10 5"
Cosine similarity:
3-.24+2-34+0-1+1-0+4-5 32
VI tA+0+1+16VA1+9+1+0+25 V3039

Example 2: Jaccard Similarity for Sets
User movie preferences:

0.93

cosine(dy, dy) =

A = {Inception, Matrix, Avatar}, B = {Inception, Avatar, Titanic}

ANB| 2
_AnBl_2_ 5

A/ B) = =
J(4, B) |JAUB| 4

B.4.2 Relationship Measurement Examples

Example 1: Pearson Correlation
Student data: Hours studied vs Exam score

X=1[246 8 10, Y=[65 75 85 90 95]

=6, y=82
2_6)24+---+(10—6)2
gx:\/( 6>+ +(10-6)> ...
4
65 —82)2 + -+ + (95 — 82)2
%:¢( >+4+( S 1295
2—-6)(65—82)+---4 (10 —6)(95 — 82
Cov(X,Y) = ( I )+ 4+( ) ) =375
37.5
PXY = 305 1205~ 0T
Example 2: Linear Regression Coefficients
1 1200 3 300000
. 1 1800 4 450000
Housing data: X =1, 1505 512 ¥ = 1375000
1 2000 4 500000

Normal equation:
w = (X'X)"'X"y

B.5 L1 Regularization: Detailed Mathematical Anal-
ysis

B.5.1 Optimization Problem with L1 Regularization

Consider linear regression with L1 regularization (LASSO):

) 1
min | oy — Xw3 + Alw]
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Example: Small dataset with 3 features

— W N =
W N~ N

B.5.2 Subgradient Optimality Conditions
The subgradient of the objective:

0 [1 9 1, :
Oy~ XwIZ 4 MW | = Xy~ Xw) + A sign(w)
Where sign(w;) is the subgradient:
sign(w;) = ¢ —1 if w; <0
[—1,1] ifw; =0

B.5.3 Coordinate Descent Updates

For each coordinate j:

(k+1) (k) 1 35)
w; = S)\ n <wA — e =
7 M\ TIXGR By

Where S, is the soft-thresholding operator:

v—k fv>k
S.(v) =sign(v)(Jv| — k) =<0 if v <k
v+k ifv<—k

B.5.4 Numerical Example

Initial weights: w(®© = [1.0 1.0 1.0]T
Gradient calculation:

5—4

1 231
oL 1 —
ow 1321|277
6—5

Iteration 1:

1 231 12 —3.00
g_ﬁ__i 5 1 9 3 :_i 131 = | -3.25
w 1321 12 ~3.00

wgl) = 80,125(1.0 —0.1- (— 00)) = 80.125(1'3> =1.175
0

1
2
2
1
3
3
wl = 8p125(1.0 = 0.1 - (—=3.00)) = Sp.125(1.3) = 1.175
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After 10 iterations with \ = 2.0:
w* = [0.000 1.857 0.000]"

Notice that w; and w3 become exactly zero, demonstrating sparsity.

B.5.5 Comparison: L1 vs L2 Regularization

Problem: miny, [5||y — Xw||} + AR(w)]
L1 Solution (LASSO):

wi, = [0.000 1.857 0.000]"
L2 Solution (Ridge):

wi, = [0.234 1.642 0.189]"
Key Observations:
e L1 produces exact zeros (sparse solution)
e [.2 shrinks all coefficients but none become exactly zero

e L1 automatically performs feature selection

e [2 is differentiable everywhere, L1 is not differentiable at zero

B.5.6 Geometric Interpretation

The optimization problem can be viewed as:

min £(w) subject to ||w]|; <t

w
e L1 constraint forms a diamond in parameter space
e Optimal solutions often at corners where some coordinates are zero

e This geometric property explains why L1 promotes sparsity

B.5.7 Applications in Machine Learning

1. Feature Selection: LASSO automatically selects relevant features
2. Compressed Sensing: Reconstruct signals from few measurements
3. Sparse Coding: Learn sparse representations of data

4. Robust Regression: Handle outliers in data

This comprehensive analysis shows why L1 regularization is a powerful tool for cre-
ating interpretable, efficient models in high-dimensional machine learning problems.
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B.6 Step-by-Step Matrix Operations for L1 and L2
Regularization: Problem Setup

Consider linear regression with regularization:

) 1
min J(w) = o-|ly = Xwl3+ AR(w)
— Regularization

Loss function
Where:
e X € R™4: Data matrix with n samples and d features
e y € R™: Target vector
e w € R%: Weight vector

e )\ > 0: Regularization parameter

e R(w): Regularization term

B.7 L2 Regularization (Ridge Regression)
B.7.1 Mathematical Formulation

1 A
Jra(w) = %Hy - Xwl3+ §HWH§

B.7.2 Step-by-Step Matrix Operations
Example Dataset:

[ e
X = .y = . w9 =110], X=05
3 2 2 9 L0
1 31 6 '
Step 1: Compute Predictions
1 21 10 1-14+2-1+1-1 4
o Xw— 2 1 3 1'0 |21+ 1-143-1| |6
Y=AW= 13 9 9 Lol B tzet2en] 7T
1 31 ’ 1-14+3-14+1-1 5
Step 2: Compute Residuals
5 4 1
v 8| |6 _ |2
Y TY T g 71 T |2
6 5 1
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Step 3: Compute Gradient of Loss Function

1 1 1 2 31 é
Vwﬁz——XTr:—Z 212 3]
" 1321
1
Matrix multiplication:
1-1+2-243-24+1-1 1444641 12
XTr=12-141-242-243-1| = |2+2+4+3| = |11
1-1+3-24+2-24+1-1 1+46+4+1 12
Final gradient:
1 12 —-3.00
Vol = ~2 11| = | —-2.75
12 —3.00
Step 4: Compute Gradient of L2 Regularization
1.0 0.5
1.0 0.5
Step 5: Compute Total Gradient
-3.00 0.5 —2.50
Vo=Vl +VaRe= | —275 + 105 = | —-2.25
—-3.00 0.5 —2.50
Step 6: Update Weights (Gradient Descent)
Learning rate a = 0.1:
1.0 —2.50 1.25
wl) =w® — oV, = 10| =01 [=2.25| = |1.225
1.0 —2.50 1.25

Step 7: Analytical Solution (Normal Equations)

The closed-form solution for Ridge Regression:

w* = (XTX +n)) ' Xy
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Compute step-by-step:

1 231 ; i é 15 13 14
XTX:2123322:131813
1 321 L 31 14 13 15
2.0 0
nM =4-05-T=2I= 1[0 2 0
00 2
(17 13 14
XTX +n)\[ = [13 20 13
14 13 17
(1 2 3 1 g 64
X'y=121 2 3 ol = |63
1 321 62
L 6
Solve:
17 13 141 7' [e4 1.142
w = |13 20 13 63| = [1.071
14 13 17 62 1.142

B.8 L1 Regularization (LASSO)

B.8.1 Mathematical Formulation

1
Jui(w) = %Hy — Xwl3+ A|wl|:

B.8.2 Step-by-Step Coordinate Descent Operations

Step 1: Initialize Weights

1.0
w® = (1.0, A=05
1.0

Step 2: Compute Soft-Thresholding Function
The soft-thresholding operator for coordinate descent:
v—k fv>k

S.(v) =sign(v)(Jv| — k) =< 0 if |v| <k
v+ ifv<—k
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Step 3: Update w,

Compute partial residual excluding ws:

2 1 5 3 2
1 3] (1.0 8 4 4
r,=y— X[:,Z:S]W[2:3] =Yy - 2 9 1.0 = 9 4 = 5
3 1 6 4 2
Compute optimal value for w; without regularization:
2
4
123 1],
. X[II:I]I',1 - 2 - 27 —18
TEIXalE T Er22tsre1z 15
(511112
Apply soft-thresholding:
A 0.5
Kkl = —— = — = 0.0333
[ XpyllE 15
wl? = Sy os33(1.8) = 1.8 — 0.0333 = 1.7667
Step 4: Update w»
Compute partial residual excluding ws:
11 5 2.7667 2.2333
|2 3] |L.7667| _ |8  ]6.5334| _ |1.4666
T=2=Y 713 2| | 10 |~ |9 7.3001| — [1.6999
11 6 2.7667 3.2333
Compute optimal value:
2.2333
1.4666
212 3] 1) 5099
Xy 3.2333]  19.7997
A - i L — 1.09998
[ X212 22 412422 43 18
Apply soft-thresholding;:
A 0-5 = 0.02778

/ﬁ:z = =
[ Xp2ll3 18

wi? = 8 0277s(1.09998) = 1.09998 — 0.02778 = 1.07220
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Step 5: Update ws

Compute partial residual excluding ws:

1 2 5) 3.9111 1.0889
oo |2 1] [uTeeT] _ |8| _ [4.6056| _ (33944
STY 73 2| |Lor22| T |9 7.4733| ~ |1.5267
1 3 6 4.9833 1.0167
Compute optimal value:
1.0889
3.3944
13 2 1] | o7
Xl 1.0167]  15.2331
=t 2o L] = 1.01554
’|X[:73}|’2 12432 +2241 15
Apply soft-thresholding:
A 0.5
k3 = —— = — = 0.03333
[ Xpalls 15

wl = Sg.03333(1.01554) = 1.01554 — 0.03333 = 0.98221

Step 6: Iteration 1 Result

1.7667
w) = [1.0722
0.9822

B.9 Comparison After Multiple Iterations

B.9.1 With A = 0.5 (Weak Regularization)

Method wq Wo W3
No Regularization | 1.1429 | 1.0714 | 1.1429
L2 (Ridge) 1.1420 | 1.0708 | 1.1420
L1 (LASSO) 1.1405 | 1.0692 | 1.1405

Table B.1: Weights after convergence with A = 0.5

B.9.2 With A = 2.0 (Strong Regularization)

B.10 Key Observations

B.10.1 L2 Regularization Properties

e Differentiable: Smooth optimization landscape
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Method w1 Wa w3
No Regularization | 1.1429 | 1.0714 | 1.1429
L2 (Ridge) 0.8571 | 0.7857 | 0.8571
L1 (LASSO) 0.0000 | 0.6429 | 0.0000

Table B.2: Weights after convergence with A = 2.0

Shrinkage: All weights reduced proportionally

No sparsity: No weights become exactly zero

Closed-form solution: (X7X + \)"'XTy

Geometric: Circular constraint region

B.10.2 L1 Regularization Properties

e Non-differentiable: Subgradient required at zero

Sparsity: Some weights become exactly zero

Feature selection: Automatic feature elimination

Iterative solution: Coordinate descent or proximal methods

Geometric: Diamond-shaped constraint region

B.11 (Geometric Interpretation

B.11.1 Optimization Problem

min £(w) subject to R(w) <t

w

B.11.2 L2 Constraint

|wll3 <t (Circle/Sphere)

Optimal solution typically in interior, no zero coefficients.

B.11.3 L1 Constraint

|wlls <t (Diamond)

Optimal solution often at corners where some coordinates are zero.
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B.12 Understanding Data Matrix Structure: Rows,
Columns, and Notation and Data Matrix Fun-

damentals

B.12.1 Basic Structure

A typical dataset matrix X € R™*? is organized as:

T
11 T2 -+ Tid X1
T
To1 T2 -+ Tod X5
X=|. o == £ - £
T
Tnl Tp2 *°° Tpd Xn

Where:

e n: Number of samples (data points)
e d: Number of features (attributes/dimensions)

e z;;: Value of feature j for sample i

B.13 Detailed Breakdown of Notation

T
1

B.13.1 Rows: Data Points as Transpose Vectors x

Rows represent individual data points:

x; is a row vector containing
¢ all feature values for sample ¢
X =
) T _
x; = [va, Tig, - - -, Tid]

The transpose notation indicates
that x; itself is a column vector

Figure B.1: Rows as transposed data point vectors

Why the Transpose Notation?
The notation x! indicates that:

e X; is naturally a column vector in R?
e x! is its transpose, making it a row vector

e This convention makes matrix multiplication work properly
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B.13.2 Columns: Feature Vectors f;

Columns represent features:
f; is a column vector containing
all values for feature j across all samples

f, =
£ o
2 — f 1'2].
J .
f; =
mnj

Each f; € R" represents
one feature across the entire dataset

Figure B.2: Columns as feature vectors

B.14 Comprehensive Example

B.14.1 Customer Dataset Example

Consider a customer dataset with:
e n = 4 customers (samples)

e d = 3 features: Age, Income, Spending

25 50000 1200
32 75000 2500
45 60000 1800
28 45000 900

B.14.2 Row Interpretation: Individual Customers

1 =1[25 50000 1200] (Customer 1: Age 25, Income $50K, Spending $1200)
3 =[32 75000 2500] (Customer 2: Age 32, Income $75K, Spending $2500)

x3 = [45 60000 1800] (Customer 3: Age 45, Income $60K, Spending $1800)
1 =[28 45000 900] (Customer 4: Age 28, Income $45K, Spending $900)

Each x; as a column vector:

25 32 45 28
x; = |H0000|, xo= |75000|, x3= [60000], x4= 45000
1200 2500 1800 900
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B.14.3 Column Interpretation: Feature Distributions

[25
32
f, = 15 (Age feature across all customers)

28

50000
f, = 75000 (Income feature across all customers)

60000
45000

1200

fs = ?288 (Spending feature across all customers)

900

B.15 Mathematical Operations Perspective

B.15.1 Matrix-Vector Multiplication

When we compute predictions: y = Xw

xT xIw
T T

R X5 Xy W
T T

X X, W

Each element x/'w is a dot product between the feature vector of sample i and the
weight vector.

B.15.2 Example Calculation

0.1
Let w = [0.00002 | (weights for Age, Income, Spending)
0.5
0.1
y1=x;w=[25 50000 1200] |0.00002
0.5

= 25 x 0.1 450000 x 0.00002 4 1200 x 0.5 = 2.5 + 1 + 600 = 603.5

B.15.3 Covariance Matrix

The covariance matrix ¥ = ﬁX TX can be expressed as:

£t fif, - fIf,
1 f2Tf1 f2Tf2 fZde

n—1

Z:
£78 7, - £7F
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Each element f/f; represents the dot product between feature vectors i and j.

B.16 Visual Representation

One feature: f, = [50000, 75000, 60000, 45000]”

| One sample: x2 = [32, 75000, 2500]

Feature Feature Feature 3
Sample | 25 50000 || 1200
SampleI 2 32 75000 ||| 2500
Sample B 45 60000 ||| 1800
Sample 4 28 45000 900

Figure B.3: Visual representation of data matrix showing rows (samples) and columns

(features)

B.17 Advanced Interpretations

B.17.1 Geometric Perspective

e Each sample x; is a point in R? (feature space)

e Bach feature f; is a coordinate axis in this space

e The entire dataset forms a point cloud in d-dimensional space

B.17.2 Statistical Perspective

e Rows represent observations or instances

e Columns represent variables or attributes

e Element z;; represents the measurement of variable j for observation i

B.17.3 Machine Learning Perspective

e During training: Rows are input patterns, columns are input features

e During prediction: New samples are added as new rows

e Feature engineering: Creates new columns from existing ones
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Operation Meaning

Xv Apply linear transformation to each sample

17X Sum across all samples for each feature

X +al Add vector a to each sample

mean(X, axis = 0) Compute mean of each feature across sam-
ples

Table B.3: Row-wise operations on data matrix

B.18 Common Operations and Their Meanings

B.18.1 Row-wise Operations

B.18.2 Column-wise Operations

Operation Meaning

wiX Compute weighted combination of features
for each sample

X1 Sum all features for each sample

X+b Add vector b to each feature column

mean(X, axis = 1) Compute mean of each sample across fea-
tures

Table B.4: Column-wise operations on data matrix

B.19 Summary

e x! represents the i-th sample as a row vector containing all feature values for that

sample

o f; represents the j-th feature as a column vector containing that feature’s values

across all samples

e The transpose notation x! emphasizes that samples are naturally column vectors

e This notation makes matrix operations intuitive and mathematically consistent

e Understanding this structure is fundamental to working with data in machine learn-

ing and statistics

This comprehensive understanding of data matrix structure provides the foundation
for all subsequent machine learning algorithms and data analysis techniques.
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W2
L2 Constraint: ||wl|3 <t
_\\\

NLApatutignn

N

L1 Constraint: ||[w|; <t

Figure B.4: Geometric interpretation of L1 (diamond) vs L2 (circle) constraints. The L1
constraint has corners where coordinates become exactly zero, promoting sparsity.

B.20 Step-by-Step Matrix Operations for L1 and L2
Regularization and Geometric Interpretation of
L1 vs L2 Regularization

B.20.1 Mathematical Explanation of the Geometry

The optimization problem can be written as:
m“i,n L(w) subject to R(w) <t
Where:
e L2 Constraint: ||wl||3 = w? + w3 < t forms a circle
e L1 Constraint: ||w|; = |w;| + |wy| < t forms a diamond

e Loss Function: £(w) typically has elliptical contours

B.20.2 Why L1 Promotes Sparsity

B.21 Complete Step-by-Step Example

B.21.1 Problem Setup

Consider the optimization problem:

min (w; — 1.5)* 4+ (wy — 1)*  subject to constraints
w1, w2
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Key Insight:

The L1 diamond has corner
where one coordinate is zefo.
When loss contoufs o
these corners, we get
sparse solutions.

Optimal L1 Solution

w1y
(¢,0)

Figure B.5: L1 constraint corners promote sparsity. When the optimal solution lies at a
corner, one feature weight becomes exactly zero.

1.2 Ball

il

.o
/ B% Solution (1.06,0.71)
\ | wl

)

Figure B.6: L2 regularization shrinks weights toward zero but never makes them exactly
7Z€ro.

~_|

B.21.2 L2 Regularization Solution
B.21.3 L1 Regularization Solution

B.21.4 Mathematical Comparison

Property No Regularization | L2 (Ridge) L1 (LASSO)
Objective L(w) L(w)+ \|wl3 L(w) + M|wl;
Constraint None w3 <t |wll, <t

Shape - Circle/Sphere | Diamond/Cross-polytope
Sparsity No No Yes
Differentiable Yes Yes No (at zero)
Solution w* Shrunk w* Sparse w*

Table B.5: Comparison of regularization types
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L1 D¥anond

wh
wy = & (IphSeliition (1.5,0)

Figure B.7: L1 regularization can produce sparse solutions where some weights become
exactly zero.

W2 W2

L2 Sphere in 3D L1 Octahedron in 3D

S
g

Figure B.8: In 3D, L2 forms a sphere while L1 forms an octahedron with more corners
for sparsity.

B.22 3D Visualization (Conceptual)

B.22.1 Key Mathematical Insight
The probability of hitting a corner in high dimensions:

d—1

e L2 (Sphere): Surface area grows as r*~!, very smooth

e L1 (Cross-polytope): Has 2d corners, probability of hitting a corner increases
with dimension

This explains why L1 regularization becomes increasingly effective for feature selection

in high-dimensional problems.

B.23 Practical Implications

B.23.1 When to Use Each Regularizer
B.23.2 Real-World Example

In a text classification problem with 10,000 features (words):
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Situation

Recommended Regular-
izer

Reason

All features are relevant L2 (Ridge) Smooth shrinkage, no un-
necessary sparsity

Feature selection needed L1 (LASSO) Automatic feature elimina-
tion

High dimensionality (d > n) | L1 (LASSO) Sparsity helps with curse of

dimensionality

Correlated features

L2 or Elastic Net

L1 might select arbitrarily
among correlated features

Interpretability important

L1 (LASSO)

Sparse models are easier to
interpret

Table B.6: Practical guidance for choosing between L1

o L2: Might keep all 10,000 words with small weights

and L2 regularization

e L1: Might select only 500 most important words with non-zero weights

e Result: L1 gives a much more interpretable and efficient model

This geometric understanding helps explain why L1 regularization is so powerful for
creating sparse, interpretable models in machine learning.

B.24 Algorithm Comparison

Algorithm 1 L2 Regularization (Gradient Descent)

1: Initialize w(©®
2: for k=0,1,2,... do

3: Compute gradient: VJ = —1 X7 (y — Xw®)) 4+ Axw(®)

Update: wbt) = wk) — oV J

4

5 if |[w*) — w®|| < € then
6: break

7 end if

8: end for

B.25 Computational Complexity

Method Per Iteration | Convergence | Memory
L2 (Gradient) O(nd) Linear O(d)
L2 (Closed-form) O(d?) One-step O(d?)
L1 (Coordinate) O(nd) Linear O(d)

Table B.7: Computational complexity comparison
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Algorithm 2 L1 Regularization (Coordinate Descent)

1: Initialize w(©®
2: for k=0,1,2,... do
3: for j =1toddo

4: Compute partial residual: r_; =y — Z#j X[:,i}wgk)
XT r_
5: Compute unregularized solution: v; = H )[;’[” -]II;
57112
6: Apply soft-thresholding: wj(-kﬂ) = Sy, ],]Hg(vj)
7 end for
g if ||[wkD) — w®|| < ¢ then
9: break
10: end if
11: end for

B.26 Practical Recommendations

Use L2 when: All features are potentially relevant, interpretability not critical

Use L1 when: Feature selection desired, interpretability important, sparse solu-
tions needed

Use Elastic Net when: Want benefits of both L1 and L2 regularization

Parameter tuning: Always use cross-validation to choose A

This comprehensive comparison shows that while L2 regularization provides smooth
optimization and stable solutions, L1 regularization offers the unique advantage of auto-
matic feature selection through sparsity, making it particularly valuable in high-dimensional
problems.

B.27 SVM Matrix and Vector Operations: Complete
Guide with Examples and Introduction to SVM
Operations

Support Vector Machines involve extensive use of linear algebra operations. Understand-
ing these matrix and vector operations is crucial for implementing and understanding

SVM.

B.28 Basic Vector Operations in SVM

B.28.1 Dot Product (Inner Product)

Purpose: Measure similarity between vectors, compute margins

d
a-b:aTb:Zaibi

=1
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Example: Two feature vectors

X1 =

IO I V]

1
, X2 = 4
2

X1 Xo=2X14+3x44+1x2=24+124+2=16

B.28.2 Norm (Magnitude)

Purpose: Compute margins, normalize vectors

Wl = vw-w=

Example:

w = ﬂ |w| =v32+42=y9+16=5

B.28.3 Distance from Point to Hyperplane

Purpose: Compute margin for individual points

Example:

o (2] =-f. oo

wix+b=2x3+(-1)x2+1=6-2+1=5

Iwll = /2 + (-1 = V5

55 _
= —=—==V5~x2236
V5 VB

B.29 SVM Primal Problem Operations

B.29.1 Decision Function
Fx) = wix+ b
Matrix form for multiple samples:

v=Xw+bl

where 1=[1 1 --- 1]"
Example:

<

Il
NCRNJURES
W o= N

<

Il
|

)
| I

S

Il

—_
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2 1 1x2+2x(—1) 1 0 1
1 [ 1}4‘1: 3X24+1x (1) + (1| = |[5]| +|1] =
3 2x2+3x(-1) 1 1 1

N O

B.29.2 Margin Constraints

For each sample (x;,y;):
yi(wix; +b) > 1

Matrix form:
diag(y)(Xw+01) > 1

where diag(y) is a diagonal matrix with labels on diagonal.

B.30 SVM Dual Problem Operations

B.30.1 Lagrangian Formulation

1 n
L(w,b,a) = 5HWH2 =) oy (wx; + b) — 1]

i=1

B.30.2 Stationarity Conditions

Vol =w — 2”: oYX =0
i=1

oL
a5 T ay; =0
W
B.30.3 Weight Vector in Terms of Support Vectors

n
WZE oYX = E QY X
i=1

ieSV
Matrix form:
w=X"(a0y)

where ® denotes element-wise multiplication.
Example: With 3 support vectors

0.5 1 1 2
a=|0}, y=|-1|, X=1]3 1
0.8 1 2 3
0.5 x 1 0.5]
a@y=|0x(=1)| =10
0.8 x 1 0.8

3 2] 05 _[1><0.5+3x0+2x0.8}_{2.1}

008 2x054+1x04+3x0.8 3.4
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B.31 Kernel Matrix Operations

B.31.1 Gram Matrix

Matrix form:

Example:

B r (1 201 3| [I1x1+2x2 Ix3+2x1] [5 5
K=XX _[3 112 1] [3x1+1x2 3x3+1x1| |5 10

B.31.2 Kernelized Dual Objective

Lp(a) = Zai - %Z Z%OéjyiyjK(Xan)
i=1

i=1 j=1
Matrix form: 1
Lp(a) =a’1 -~ EaTdiag(y)Kdiag(y)a

o=lox] . v=[4]: =[5 )
diag(y) = B _01] diag(y) K diag(y) = [(1) _01] E 150} {é _01} = {_55 105]

a’1=1[05 0.8] m =1.3

Example:

- . B 5 —5][05]
o diag(y) K diag(y)a = [0.5 0.8] [_5 10] {0.8 =2.05

1
Lo(a) =13 — 5 x 205 = 1.3~ 1.025 = 0.275

B.32 Soft Margin SVM Operations

B.32.1 Slack Variables Formulation

N -
min 5|w] +C;§i
subject to:
y(wix;+0)>1-&, &>0

Matrix form constraints:

diag(y)(Xw+01) >1-¢, £>0
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B.33 Prediction Operations

B.33.1 Linear SVM Prediction

T
fx)=wix+b= (Z aiyixi> xX+b

€SV

B.33.2 Kernel SVM Prediction

f(x) = Z ayi K(x;,%x) + b

€SV

Matrix form for multiple predictions:
5’ - Ktest(a O, Y) + bl

where K is the kernel matrix between test and training samples.

B.34 Complete SVM Example

B.34.1 Problem Setup

Training data:

Il
W N =
— W N
<
I
—

B.34.2 Step 1: Compute Gram Matrix

1 2 3

I1x14+2x2 1x242x3 1x3+2x1
2 3 1]

5
= [2x1+3%x2 2x24+3%x3 2x3+3x1| =8
5

1 2
K=XXT=12 3 {
3 1 3x1+1x2 3x24+1x3 3x3+1x1

B.34.3 Step 2: Solve Dual Problem

Dual objective:

subject to:

Assume solution: o = [0.5 0.8 O.3}T
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B.34.4 Step 3: Compute Weight Vector

3
w:Zaiyixi:()ﬁx 1 x B
=1
_[o5]  [16] , [-09] _[12
W=11.0 2.4 —0.3] ~ |31

B.34.5 Step 4: Compute Bias

408 x1x E} 403 x (1) x m

Using support vectors where 0 < o; < C":

b=y — wx;

For first support vector (o = 0.5):

1

b=1-[12 3.1] [2

]:1—(1.2><1+3.1><2):1—7.4:—6.4

B.34.6 Step 5: Make Prediction

For test point Xy = [2 Q}T:

2

f(xtest> == WTXtest + b - |:12 31:| |:2

} —64=86-64=22

Prediction: sign(2.2) = +1

B.35 Matrix Operations Summary

Operation Purpose in SVM Matrix Form
Dot Product Similarity, margins a’b

Matrix Multiplication | Predictions, transformations Xw

Outer Product Gram matrix xXxt
Element-wise =~ Multi- | Weighted combinations a®@y
plication

Diagonal Matrix Label transformations diag(y)

Vector Norm Margin computation |wl|
Summation Constraints, objectives 11

Table B.8: Matrix and vector operations in SVM

B.36 Computational Considerations

B.36.1 Efficiency Tips

e Use kernel caching to avoid recomputing K (x;, X;)
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e Exploit sparsity in « (only support vectors matter)
e Use specialized QP solvers for dual problem

e For large datasets, use sequential minimal optimization (SMO)

B.36.2 Memory Requirements
e Primal: Store X € R™? w € R?
e Dual: Store K € R™" o € R"”

e Kernel: Store kernel evaluations or compute on-the-fly

This comprehensive guide shows how linear algebra operations form the foundation
of SVM implementation and understanding. Each operation has specific purposes in the
SVM formulation, from computing margins to solving the optimization problem.
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